Abstract. We study Lagrangian submanifolds of the nearly Kähler S 3 ×S 3 with respect to their, so called, angle functions. We show that if all angle functions are constant, then the submanifold is either totally geodesic or has constant sectional curvature and there is a classification theorem that follows from [6] . Moreover, we show that if precisely one angle function is constant, then it must be equal to 0, . Using then two remarkable constructions together with the classification of Lagrangian submanifolds of which the first component has nowhere maximal rank from [1], we obtain a classification of such Lagrangian submanifolds.
where the metric ·, · is induced from the metric on R 4 . Let i, j, k denote the standard imaginary unit quaternions. Then the vector fields X 1 , X 2 , X 3 given by X 1 (p) = p i = (−x 2 , x 1 , x 4 , −x 3 ), X 2 (p) = p j = (−x 3 , −x 4 , x 1 , x 2 ), X 3 (p) = −p k = (x 4 , −x 3 , x 2 , −x 1 ), where p = x 1 + x 2 i + x 3 j + x 4 k ∈ S 3 , form a basis of the tangent bundle T S 3 . Hence, the tangent space of S 3 is defined by T p S 3 = {pα | α ∈ ImH}. Let Z (p,q) be a tangent vector of S 3 × S 3 at (p, q). From the known natural identification T (p,q) (S 3 × S 3 ) ∼ = T p S 3 ⊕ T q S 3 , we write Z (p,q) = (U (p,q) , V (p,q) ) or simply Z = (U, V ). Now, we define the vector fields on S 3 × S 3 as E 1 (p, q) = (p i, 0),F 1 (p, q) = (0, q i), E 2 (p, q) = (p j, 0),F 2 (p, q) = (0, q j), The almost complex structure J on S 3 × S 3 is defined by (2) J(U, V ) (p,q) = 1
for (U, V ) ∈ T (p,q) (S 3 × S 3 ) (see [3] ). The nearly Kähler metric on S 3 × S 3 with which we choose to work is the Hermitian metric associated to the usual Euclidean product metric on S 3 × S 3 :
where Z = (U, V ) and Z ′ = (U ′ , V ′ ). In the first line ·, · stands for the usual Euclidean product metric on S 3 × S 3 and in the second line ·, · stands for the usual Euclidean metric on S 3 . From the definition, it can be seen that the almost complex structure J is compatible with the metric g.
P J = −JP, i.e. P and J anti-commute, g(P Z, P Z ′ ) = g(Z, Z ′ ), i.e. P is compatible with g, g(P Z, Z ′ ) = g(Z, P Z ′ ), i.e. P is symmetric.
Lagrangian Submanifolds of the nearly Kähler
Assume that M is a Lagrangian submanifold in the nearly Kähler S 3 × S 3 . Since M is Lagrangian, the pull-back of T (S 3 × S 3 ) to M splits into T M ⊕ JT M . Hence, there are two endomorphisms A, B : T M → T M such that the restriction P | T M of P to the submanifold equals A + JB, that is P X = AX + JBX for all X ∈ T M . This formula together with the fact that P and J anticommute determine P on the normal space by P JX = −JP X = BX − JAX. The endomorphisms A and B have the following properties given in [6] :
• A and B are symmetric operators which satisfy A 2 + B 2 = Id; • The covariant derivatives of the endomorphisms A and B are
where ∇ is the induced connection on M , h is the second fundamental form and S is the shape operator of the Lagrangian immersion;
• The Lie brackets of A and B vanish, that is, A and B can be diagonalized simultaneously at a point p of M . Therefore, at each point p ∈ M there is an orthonormal basis e 1 , e 2 , e 3 ∈ T p M such that (9) P e i = cos(2θ i )e i + sin(2θ i )Je i , ∀ i = 1, 2, 3.
Now we extend the orthonormal basis e 1 , e 2 , e 3 at a point p to a frame on a neighborhood of p in the Lagrangian submanifold. By Lemma 1. 
Notice that, in a general sense, for an immersion f : M → S 3 × S 3 there exist A, B : T M → T M with eigenvectors E i and corresponding angle functions θ i such that, on the image of M we may write by (10) and (9):
The equations of Gauss and Codazzi, respectively, state that
and
The functions ω k ij are defined by
where ∇ is the Levi-Civita connection on M . Here we use the Einstein summation convention. We denote by
the components of the cubic form g(h(·, ·), J·) and we see that h k ij are totally symmetric on the Lagrangian submanifold. We recall the following lemmas.
Lemma 2. [6]
The sum of the angles θ 1 + θ 2 + θ 3 is zero modulo π.
Lemma 3.
[6] The derivatives of the angles θ i give the components of the second fundamental form
The second fundamental form and covariant derivative are related by
Lemma 4.
[6] If two of the angles are equal modulo π, then the Lagrangian submanifold is totally geodesic.
Remark 1. By Lemma 4, we may see that if the Lagrangian submanifold is not totally geodesic, then sin(θ i − θ j ) = 0, for i = j.
Results
From now on, we identify the tangent vector X with df (X).
Theorem 3. Let f : M −→ S 3 × S 3 be a Lagrangian immersion into the nearly Kähler manifold S 3 × S 3 , given by f = (p, q) with angle functions θ 1 , θ 2 , θ 3 and eigenvectors E 1 , E 2 , E 3 . Theñ f : M −→ S 3 × S 3 given byf = (q, p) satisfies:
are also eigendirections of the operatorsÃ,B corresponding to the immersioñ f and the angle functionsθ 1 ,θ 2 ,θ 3 are given byθ i = π − θ i , for i = 1, 2, 3.
given by f = (p, q) be a Lagrangian immersion with the angle functions θ 1 , θ 2 , θ 3 . Then, for any point on M , we have a differentiable frame {E 1 , E 2 , E 3 } along M satisfying (11) such that
where α i , β i are imaginary quaternions. Moreover, forf we have as well
From equations (2) and (6) a direct calculation gives that
for i = 1, 2, 3. The conditions for f andf to be Lagrangian immersions write out, respectively, as
By (3) and by the previous relations, these conditions become
respectively. Since both are equivalent to α i , β j − β i , α j = 0, we conclude thatf is a Lagrangian immersion if and only if f is a Lagrangian immersion. In order to prove (ii), we must show that g(df
. By straightforward computations, using (3), we have
Similarly, we have
and we can easily notice that the metric is preserved under the transformationf . In order to prove (iii), we see from (11) that
and there existÃ,B : T M → T M with eigenvectorsẼ i and angle functionsθ i such that
From (16) and (18), we replace df (E i ) and Jdf (E i ) in (22) and get:
Considering now equation (17) as well, we obtain
Replacing α i and β i in (19) with the latter expressions gives
Comparing this with (23), we see that E i are the eigenvectors ofÃ andB with angle functions
given by f = (p, q) with angle functions θ 1 , θ 2 , θ 3 and eigenvectors
* is a Lagrangian immersion, (ii) f and f * induce the same metric on M , (iii) E 1 , E 2 , E 3 are also eigendirections of the operators A * , B * corresponding to the immersion f * and the angle functions θ *
given by f = (p, q) be a Lagrangian immersion with the angle functions θ 1 , θ 2 , θ 3 . Then, for any point on M , we have a differentiable frame {E i } along M satisfying (11) and we may write
for i = 1, 2, 3 and α i , β i , α * i , β * i imaginary quaternions. Moreover we have that
where we have used
for the Euclidean connection D. Furthermore, by (2) and (6), we obtain again (17) and (18) as well as
which, as in the proof of Theorem 3, shows that f * is a Lagrangian immersion if and only if f is a Lagrangian immersion. To prove (ii), we must show that g(df
and, comparing it to (21), we can easily notice that the metric is preserved under the transformation f * . In order to prove (iii), we see from (11) that
and, associated with the second immersion f * , there exist A * , B * : T M → T M with eigenvectors E * i and angle functions θ * i such that (30) P df
As in the proof of the previous theorem, we have
On the one hand, replacing α i and β i in (27) with the latter expressions, we see that
On the other hand, we see that for θ * i = 2π 3 − θ i , the following holds:
Therefore, (30) holds for E * i = E i and θ * i = 2π 3 − θ i . This concludes point (iii) of the theorem.
Lemma 5. Let M be a Lagrangian submanifold of the nearly Kähler manifold S 3 ×S 3 with constant angle functions θ 1 , θ 2 , θ 3 .
i. If M is a non-totally geodesic submanifold, then the nonzero components of ω k ij are given by
ii. The Codazzi equations of the submanifold M are as followings: Proof. Suppose that M is a Lagrangian submanifold of the nearly Kähler S 3 × S 3 for which the angle functions θ 1 , θ 2 , θ 3 are constant. Thus, equation (14) immediately implies that all coefficients of the second fundamental form are zero except h (15) and by Remark 1, we calculate the nonzero connection forms as in (31)-(33). Taking E 1 , E 2 , E 3 and E 3 , E 1 , E 2 for the vector fields X, Y, Z in the Codazzi equation (13), we get (34), and for E 1 , E 2 , E 2 ; E 1 , E 3 , E 3 ; E 2 , E 3 , E 3 we obtain (34)-(37). Moreover, we evaluate the Gauss equation (12) successively for E 1 , E 2 , E 2 ; E 1 , E 3 , E 3 ; E 3 , E 2 , E 2 and then we obtain the given equations, respectively.
Theorem 5.
A Lagrangian submanifold of the nearly Kähler manifold S 3 × S 3 for which all angle functions are constant is either totally geodesic or has constant sectional curvature in S 3 × S 3 .
Proof. Suppose that M is a Lagrangian submanifold in the nearly Kähler S 3 × S 3 with constant angle functions θ 1 , θ 2 , θ 3 . From equation (14) and the fact that h k ij are totally symmetric, all coefficients are zero except h (37), we obtain the following system of equations:
Notice that by Remark 1, we have sin(θ i − θ j ) = 0. Considering the above system of equations as a linear system in 2(h
Given the symmetry in θ 1 , θ 2 , θ 3 , it is sufficient to assume that sin(θ 1 + θ 3 − 2θ 2 ) = 0. Thus, considering also Lemma 2, we may write
As each angle function is determined modulo π, there exist l 1 , l 2 , l 3 ∈ Z such that the above equations are satisfied by new angle functions θ 1 + l 1 π, θ 2 + l 2 π and θ 3 + l 3 π:
This implies that
Hence, we may assume k 2 = 1. Allowing now only changes of angles which preserve this property, we must have that l 2 = −l 1 − l 3 and k 1 = k * 1 − 3(l 1 + l 3 ). So we may additionally assume that k 1 ∈ {−1, 0, 1}. Therefore, we have three cases:
Using the relations between the angles θ i andθ i , θ * i of the Lagrangian immersionsf and f * in Theorem 3 and Theorem 4 respectively, these three cases can be reduced to a single case, as shown below:
Remark that according to Theorems 3 and 4, the metric g given by (3) is preserved under transformationsf , f * from which we deduce that the sectional curvature of M is the same in each case. Therefore, it is sufficient to consider the case that θ 2 = π 3 and θ 1 + θ 3 = 
where α := θ 1 − π 3 . Solving this system of equations, we see that there are four cases that we must discuss:
(a) h Remark that cases (c) and (d) reduce to cases (a) and (b), respectively, by changing the basis {E 1 , E 2 , E 3 } with {E 3 , E 2 , −E 1 }. Therefore, we will only consider cases (a) and (b).
Case (a): h . By a straightforward computation, we find that M has constant sectional curvature which is equal to 3 16 . As a result, the Lagrangian submanifold M of the nearly Kähler manifold S 3 ×S 3 with constant angle functions θ 1 , θ 2 , θ 3 , which is not totally geodesic, has constant sectional curvature.
Combining the classification theorems in [6] and [18] and Theorem 5, we state the following: Corollary 1. A Lagrangian submanifold in the nearly Kähler manifold S 3 × S 3 whose all angle functions are constant is locally congruent to one of the following immersions:
, where p and q are constant mean curvature tori in S 3 p(u, w) = (cos u cos w, cos u sin w, sin u cos w, sin u sin w) ,
Theorem 6. Let M be a Lagrangian submanifold in the nearly Kähler manifold S 3 × S 3 with angle functions θ 1 , θ 2 , θ 3 . If precisely one of the angle functions is constant, then up to a multiple of π, it can be either 0, We are going to use the definitions of ∇A and ∇B in (7) and (8) If we take X = E 1 and Y = E 2 in (7) and (8), we see that Then we choose successively X = E 3 , Y = E 1 , X = E 2 , Y = E 3 and X = E 3 , Y = E 2 in relations (7) and (8) (60) Next, we are going to use the definition for ∇h in (13) and take different values for the vectors X, Y and Z. Thus, we evaluate it for E 1 , E 2 , E 1 and E 1 , E 3 , E 1 . Looking at the component in E 3 of the resulting two vectors, we obtain the following relations, respectively:
Taking again X = E 1 , Y = E 2 , Z = E 1 in (13) as just done previously, we look at the component of E 2 this time, after replacing E 1 (h In the following we will show that the other case cannot occur. We must split again into two cases. ) 2 + 1 = 0, which is a contradiction, as, given that Λ is not constant, the expression is actually strictly greater than 0.
Case 2.2 h 3 13 = 0. From (13) evaluated for E 1 , E 2 , E 2 ; E 1 , E 3 , E 3 ; E 2 , E 3 , E 3 ; E 3 , E 2 , E 2 , by looking at the components of E 2 , E 3 ; E 3 , E 2 ; E 3 ; E 3 , we obtain, respectively: Theorem 10. Let f : M → S 3 × S 3 : x → (p(x), q(x)) be a Lagrangian immersion such that p has nowhere maximal rank. Then every point x of an open dense subset of M has a neighborhood U such that f | U is obtained as described in Theorem 7, 8 or 9. 
